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A theoretical estimate of the Higgs boson mass
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Using the invariance of the electroweak vacuum in the presence of a background Z field we estimate
the mass of the Higgs boson in the standard model at mH=125.9 GeV.
PACS numbers: 11.30. Qc, 11.15 Ex, 12.15. Lk
I. INTRODUCTION
In an historical event the Atlas and CMS experiments at CERN recently announced the discovery of a Higgs like
particle in the mass region 125 GeV [1] or 126 GeV [2]. It is well known that the standard model [3] does not
predict the Higgs couplings or the mass so it is hard to have direct comparison between a theoretical estimate and
the experiment. The usual treatment of theories with spontaneous symmetry breaking relies on the expansion of
the lagrangian around the classical constant field which correspond to the minimum of the potential. Gauge bosons
acquire masses through the Goldstone mechanism for which also the role of scalars is crucial. Despite the huge amount
of information that one can get about the standard model from electroweak precision data the Higgs boson mass in
the standard model remains up to today undetermined in a simple theoretical set-up. It is the lore of the present
work to fill this gap. We will illustrate our approach for the abelian Higgs model in section II. In section III we will
give a detailed estimate of the mass of the Higgs boson in the standard model. Section IV is dedicated to conclusions.
II. THE ABELIAN HIGGS MODEL
We start with the simplest model for spontaneous symmetry breaking [4]: a U(1) gauge theory coupled with a
complex scalar field. The corresponding Lagrangian is:
L = −1
4
(Fµν)
2 + |DµΦ|2 − V (Φ), (1)
where,
V (Φ) = −µ2(Φ†Φ) + λ(Φ†Φ)2. (2)
We write the complex scalar field as,
Φ =
1√
2
(Φ0 +Φ1 + iΦ2). (3)
Here Φ0 is the vacuum expectation value of the scalar field Φ0 =
µ2
λ
. It is useful to write down all the terms that
appear in the lagrangian with spontaneous symmetry breaking:
|DµΦ|2 → 1
2
(∂µΦ1)
2 +
1
2
(∂µΦ2)
2 +
1
2
g2AµA
µ(Φ21 +Φ
2
2) +
+gAµΦ2∂µΦ1 − gAµΦ1∂µΦ2 + 1
2
g2AµA
µ(Φ20 + 2Φ0Φ1)− gAµΦ0∂µΦ2 (4)
In the Higgs potential the partition is as follows:
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2−µ
2
2
Φ21 −
µ2
2
Φ22 +
λ
4
Φ41 +
λ
4
Φ42 +
λ
2
Φ21Φ
2
2 +
−1
2
µ2Φ20 − µ2Φ1Φ0 +
λ
4
(Φ40 + 4Φ
3
0Φ1 + 4Φ0Φ
3
1 + 6Φ
2
0Φ
2
1) +
λ
2
Φ22(Φ
2
0 + 2Φ0Φ1) (5)
From these one can compute the effective action which identifies with the effective potential.
Assume now that we have spontaneous symmetry breaking and we decompose the gauge field into a background
gauge field Bµ and a quantum gauge field Aµ. The background gauge field can be considered as slowly varying or
approximately constant.
All terms previously listed will remain in the Lagrangian with the remark that the gauge field in Eq(4) should be
identified with the quantum gauge field. Then the extra terms corresponding to the background gauge field are:
1
2
g2(BµB
µ + 2BµA
µ)(Φ21 +Φ
2
2) + g
2BµΦ2∂
µΦ1 −BνΦ1∂νΦ2 +
1
2
g2BµB
µ(Φ20 + 2Φ1Φ0) + g
2BµA
µ(Φ20 + 2Φ1Φ0)− gBµΦ0∂µΦ2. (6)
From Eq (6) we can select the contribution,
1
2
g2BµB
µΦ20 + g
2BµA
µΦ20 (7)
which will lead at tree level to,
+ =
ig2Φ20g
µν + (i)g2Φ20
−i
−g2Φ2
0
(i)g2Φ20g
µν = 0
Fig.1. The cancelation of terms.
and thus to the cancelation of these terms.
In rest we need to determine only those terms which contain the background gauge field and the Higgs field:
2g2BµA
µΦ1Φ0 + g
2BµB
µΦ21 (8)
The second term in Eq(8) can be regarded as an extra mass term for the Higgs boson. Besides this at one loop the
only term that contributes is the first term in Eq(8).
Bµ Bµ
Fig.2. One diagram that contributes to the effective action.
The main point is the determine the one loop effective action for a theory with spontaneous symmetry breaking
in the presence of a background gauge field. For the simple case at hand we expect that this action will contain the
result of the diagram in Fig.2 plus the usual one loop effective scalar potential where the masses of the scalars will
have an extra contribution proportional to BµB
µg2.
3Assume that Z[J,K] is the generating functional for a spontaneously broken gauge theories where J, K are generic
sources corresponding to the scalars and gauge fields respectively. Now we introduce a background gauge field Bµ.
The new generating functional reads [5]:
Z ′[J,K,B] =
∫
δQδA exp[i[S[Q,A+B] + JQ+KA]] =
∫
δQδA exp[iS[Q,A] + iJQ+ iK(A−B)] = Z[J,K] exp[−iKB] (9)
The vacuum expectation value of the scalar field before introducing the background gauge field is given by the
expression:
QJ =
−i lnZ[J,K]
δJ
(10)
whereas in the presence of the background gauge field is
Q′J =
−i lnZ[J,K]
δJ
− δKB
δJ
=
−i lnZ[J,K]
δJ
. (11)
Thus Eq(11) states that the vacuum expectation of the scalar field is preserved also in the presence of the background
gauge field (Note that this is true even if the gauge source depends on the minimum of the scalar field). By setting
the sources to zero one obtains the minimum of the effective action (or potential):
δΓ[B,Φcl]
δΦcl
=
δΓ[Φcl]
δΦcl
(12)
Here we denote by Γ[B,Φcl] the effective action in the presence of the background gauge field whereas Γ[Φcl] is the
effective action in the absence of it. As the background gauge field is arbitrary one should expand Γ[B,Φcl] in terms of
B. In what follows we will consider only terms of order B2 and neglect the higher order contributions. Applied to our
abelian Higgs model this means that the sum of the term in Fig.2 plus the term in the scalar potential proportional to
BµB
µ will give zero contribution to the vacuum expectation of the scalar. From this one can derive various constraints
and even estimate the Higgs boson mass. We will illustrate in detail how this works for the standard model in the
next section.
III. HIGGS BOSON MASS IN THE STANDARD MODEL
We will work with a Higgs potential of the form:
V = −m2Φ†Φ+ λ(Φ†Φ)2 (13)
which displays spontaneous symmetry breaking as the scalar develops the vacuum expectation value:
〈0|Φ|0〉 =
[
0
Φ0√
2
]
(14)
.
The next step is to introduce a background gauge field for the Z boson, for the photon or the W± bosons. The
case for the W bosons is more intricate and we will not discuss it here. Assume that we introduce only a background
gauge field for the photon. This does not couple to the Higgs so it cannot help us with determining the mass of the
Higgs boson. However it has almost symmetric interactions (with different couplings) with the W bosons as the Z
boson as it is evident from the interaction term in the Lagrangian:
−D†µW−νDµW+ν +D†µW−νDνW+µ (15)
where,
Dµ = ∂µ − ie(Aµ + cot θWZµ). (16)
The contribution of the background photon field to the effective action will thus contain only the interactions depicted
above and the interaction with the fermions. This means that the W bosons will also give per total zero contribution to
4the vacuum expectation value of the scalars (through the derivative of the corresponding term in the effective action).
By the symmetry of the W-photon and W-Z interactions we conclude that if one introduces a background gauge field
only for the Z boson those terms that contain Z interaction to the W should not be taken into consideration.
Then the effective action will be simply the sum of the regular effective potential [6],[7],
V (Φ) = −1
2
m2Φ2 +
λ
4
Φ4 +
1
64pi2
(−m2 − g2B2 + 3λΦ2)2[ln(−m
2 − g2B2 + 3λΦ22
µ20
)− 3
2
] +
+
3
64pi2
(−m2 − g2B2 + λΦ2)2[ln(−m
2 − g2B2 + λΦ2
µ20
)− 3
2
] +
3
64pi2
(
1
4
(g2 + g′2)Φ2)2[ln(
1
4
(g2 + g′2)Φ2
µ20
)− 5
6
] +
+
3
32pi2
(
1
4
g4Φ2)[ln(
1
4
g2Φ2
µ20
)− 5
6
]− 3
16pi2
(
1
2
g2tΦ
2)2[ln
1
2
g2tΦ
2
µ20
− 3
2
] (17)
and the result of the one loop diagram (see Fig.2) corresponding to the vertex 2BµZ
µΦ0Φ1 where Φ1 is the Higgs
boson,
Γ1[B
2] =
6B2
16pi2
g2zΦ
2(1 +
1
−m2 − g2zΦ2 − g2zB2
[g2zΦ
2 ln(
gz2Φ2
µ20
)−
−(−m2 + 3λΦ2 − g2zB2) ln(
−m2 + 3λΦ2 − g2zB2
µ20
)]. (18)
Here g2z =
g2+g′2
4
. There is also the one loop fermion contribution (we consider only the top quark):
Γ2[B
2] = B2[6
g2g2t
8 cos2 θW
[(1− (1− 8
3
sin2 θW )
2) + 2 ln[
g2tΦ
2
2µ20
]] (19)
The full one loop effective potential is thus:
Γ[B,Φ] = Γ1[B
2] + Γ2[B
2]− Veff [Φ, B] + higher order terms inB. (20)
We denote Γ[B2] = Γ1[B
2] + Γ2[B
2]. The invariance of the vacuum in the presence of background gauge field
translates into the constraint:
dΓ[B,Φ]
dΦdB2
|B2=0 = 0. (21)
where we used the expansion of the effective action in powers of B2 ( The sum over the B2n terms can be obtained
formally by integrating the B2 term so the condition (21) suffices).
In what follows we will apply the constraint in Eq(21). Furthermore we will simply take m2H = 2λΦ
2
0 which is true
apart for some small corrections; µ20 = m
2
H and the electroweak values(g
2
z =
M2
Z
Φ2
0
, for the coupling constants with the
notation: g2z =
M2
Z
Φ2
0
, g2w =
M2
W
Φ2
0
, g2y =
m2
t
Φ2
0
). Then Eq(21) reduces to:
−6g2z/(g2z − 2λ)2[−λ(g2z − 2λ) + g2z(g2z − λ) ln(
g2z
2λ
) +
12g2yg
2
w
cos2 θW
ln(
g2y
2λ
) +
6g2yg
2
w
cos2 θW
[1− (1 − 8
3
sin2 θW )
2)] = 0 (22)
This leads to the following result for the coupling and the mass of the Higgs boson: λ = 0.13; mH = 125.9. In this
estimate we also used a small correction coming form the bottom quark.
IV. DISCUSSION
Our approach is based on the introduction of a background gauge field in a Higgs theory after the spontaneous sym-
metry breaking. The background gauge is considered slowly varying such that any derivative term can be neglected.
We show that in particular the vacuum expectation value of the scalar field remains unchanged by this transformation.
We then apply the constraint deduced from this invariance to the standard model. In this case the most advantageous
choice is to introduce a background gauge field for the Z boson. We obtained a mass for the standard model Higgs
boson of mH = 125.9 in excellent agreement with the experimental results. Our result is susceptible to corrections
coming from the running of the coupling constants and fields. We expect these corrections to be small.
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